Abstract. In this paper we address the relation between the orbifold fundamental group and the topology of the underlying space. In particular, under the assumption that π orb 1 (O) = π 1 (|O|), we prove Poincaré Duality for orbifolds of dimension 4 and 5.
Introduction
When studying new manifolds, one of the first properties one considers is the cohomology ring. In particular, one uses the established tools that restrict the behavior of the cohomology ring to simplify this task. One of the best known tools for this is Poincaré Duality.
First introduced by Satake as V-manifolds ( [Sat56] ), and later studied in depth by Thurston ([Thu80] ), orbifolds have gained prominence in recent years. See for example [GWZ08] , [GVZ11] and [Dea11] where orbifolds are used in the construction of the newest example of a manifold with positive sectional curvature. However, many of the tools invented for manifolds do not carry over fully. In particular, while Satake ([Sat56] ) showed that orbifolds satisfy R-valued Poincaré Duality, it is easy to come up with examples where Z-valued Poincaré Duality fails. The focus of this paper is to study the properties of Z-valued cohomology for orbifolds of dimension 4 and 5.
The choice of dimension is dictated by the fact that in dimension 3 and below all orientable orbifolds are topological manifolds, and starting in dimension 6 the number of obstructions to Poincaré Duality increases (see Remark 3.1).
Theorem A. Let O n be a compact orientable orbifold without boundary with dimension n = 4 or n = 5. Then, there exists a surjective map π
One interesting aspect of this result is that it provides the first known topological implication of the orbifold fundamental group other than the classical surjection π orb 1 (O) → π 1 (|O|). The proof of this theorem relies on many classical results for cohomology as well as some understanding of non-manifold points, that is points in O whose neighborhoods are not topological disks. In a certain sense, the failure of Poincaré Duality for orbifolds relates to how much of π orb 1 is generated by the structure of the non-manifold points.
Preliminaries
Recall that an n-dimensional orbifold O n is a space modeled locally on R n /Γ with Γ ⊂ O(n) finite. Given a point p ∈ O, the orbifold group at p, which we'll denote as Γ p is the subgroup of the group Γ in the local chart R n /Γ, that fixes a lift of p to R n . Note that different choices of a lift of p result in Γ p being conjugated, and as such, we will think of Γ p up to conjugacy.
In parts of this paper, it will be useful to think of an orbifold O n as a disjoint collection of connected strata. Each stratum is a connected component of points with the same (up to conjugacy) orbifold group. We call an orbifold U a cover of O if O = U/Γ, where Γ acts discretely, and the action of Γ preserves the orbifold structure. We recall the definition of π orb 1 , the orbifold fundamental group. If O = U/Γ, with Γ discrete and U admitting no covers, then π orb 1 (O) = Γ. Remark 2.1. There is an alternative definition of an orbifold fundamental group, which is analogous to the path homotopy definition of the topological fundamental group. For precise definition and proof of the equivalence see [Sco83] .
A well known result in orbifolds is that there exists a natural map ϕ : π orb 1 (O) → π 1 (|O|) and furthermore, ϕ is surjective.
In [Sat56] Satake proved R-valued Poincaré duality for orbifolds:
The core idea of the proof is the fact that H * (S n−1 /Γ; R) = H * (S n−1 ; R) for any finite Γ ⊂ SO(n). Since this fails for Z-valued cohomology, we need a new approach.
Lemma 2.2. Let X be a path connected space (resp. orbifold) with a path connected subspace (resp. suborbifold) A. Let f : X → X be a path connected cover (resp. orbifold cover) of X such that A = f −1 (A) is path connected and i * :
Proof. The argument in here is presented using regular homotopies, but the same arguments work for the path homotopy definition of the orbifold fundamental group.
We show that the map i * : π 1 (A) → π 1 (X) is both injective and surjective. Suppose γ : [0, 1] → A is a loop that is null-homotopic in X. Then, in particular, the lift of γ to γ : [0, 1] → A ⊂ X is also null-homotopic in X. Therefore, it must also be null-homotopic in A, which implies that γ = f • γ is null-homotopic in A. Therefore, i * is injective. Now, suppose that γ : [0, 1] → X is a loop with γ(0) = γ(1) ∈ A ⊂ X. Then, consider some lift of γ, call it γ : [0, 1] → X with γ(0), γ(1) ∈ A (possibly distinct).
Let ϕ : [0, 1] → A be some path with ϕ(0) = γ(0) and ϕ(1) = γ(1). Then we obtain a loop γ ϕ −1 in X based at γ(0) by first traversing γ, and then ϕ in reverse.
Let ψ : [0, 1] → A be some loop in A that is homotopic to the loop γ ϕ −1 also based at γ(0). Let ψ, ϕ be the projections of ψ, ϕ respectively onto loops in A ⊂ X. Then, we have ψ ≃ γϕ −1 , so γ ≃ ψϕ, but ψϕ is a loop in A, so we conclude that i * : π 1 (A) → π 1 (X) is surjective.
Since the argument is based purely on homotopy of loops, the same argument works for π orb 1 . We conclude this section with an observation that for an orientable orbifold O, if p ∈ O is some point such that for ε > 0 small |B ε (p)| is not homeomorphic to a disk, then p lies in a stratum of codimension ≥ 4. This is an immediate consequence of elementary representation theory. We call these points non-manifold points.
In particular, all orientable orbifolds of dimension ≤ 3 have underlying spaces homeomorphic to manifolds. In dimension 4, compact orientable orbifolds have at most finitely many non-manifold points. And for compact orientable orbifolds of dimension 5, the set of non-manifold points forms a (possibly disconnected) graph.
Proof of Theorem A
In this section all of our orbifolds are assumed to be compact and orientable. We begin by considering the general structure of cohomology of 4 and 5 dimensional orbifolds.
3.1. Structure of H * (|O 4 |; Z). A four-dimensional orbifold has the following R-valued cohomology groups:
Together with classical homology and cohomology results, this implies that
where τ k is the torsion component of H k . The homology groups are:
reg be a small neighborhood of p, and X = |O| \ B ε (p). Then, |O| = B ε (p) ∪ S 3 X. Then, H 4 (X; Z) = 0 since X deformation retracts onto its 3-skeleton. Using MayerVietoris, we get
is exact. Therefore, τ 4 = 0. We conclude that only obstruction to Poincaré Duality is the difference between τ 2 and τ 3 .
3.2.
Structure of H * (|O 5 |; Z). We repeat the previous arguments to obtain information about the cohomology of five-dimensional orbifolds.
The general strcuture is
Together with classical results, we conclude that
which gives us the following homology groups:
The same argument as we employed in the four-dimensional case is used to show that τ 5 = 0. So, the only obstruction to Poincaré Duality is the difference between τ 2 and τ 4 . 
Proof. Let p ∈ O be an isolated non-manifold point, then π orb 1 (B ε (p)) = π orb 1 (∂B ε (p)) = Γ p , as follows from considering the local cover of the neighborhood and applying Lemma 2.2. This proves the Lemma for the case when X c is a single point. Next suppose that X c is a "graph", that is a connected collection of 1 and 0 dimensional strata. In this case, instead of looking at N c and ∂N c , we instead focus on specific covers. Namely, each connected graph is covered by a tree (possibly infinite), so take such a cover of X c and the induced covers of N c and ∂N c . Call these covers N, ∂N respectively. Also, for convenience, we consider N obtained by taking small ε > δ > 0 and considering δ-neighborhoods of the 1-dimensional strata and ε-neighborhoods of the 0-dimensional strata, choose δ such that the intersection of the δ-neighborhoods lies inside the ε-neighborhoods. We now show that π
We prove this using van Kampen. Consider the following subsets of N : 
n−1 /Γ ij and ∂N ∩ E ij = I × S n−2 /Γ ij both have the same orbifold fundamental group. Moreover, V i ∩ E ij = B n−1 /Γ ij and N ∩ V i ∩ E ij = S n−2 /Γ ij also have identical orbifold fundamental groups. Now consider two van kampen constructions:
Since each piece and each intersection in the two constrcutions has the same π orb 1 , and since each of these isomorphisms is natural, van Kampen implies that i * : π
In the above proof of the 1-dimensional case we passed to a graph to avoid issues with disconnected intersection of components when applying van Kampen.
Remark 3.2. The author believes that the above Lemma (and the following Corollary) apply to higher dimensional cases as well. The proof will need to be adjusted appropriately, but as noted in Remark 3.1, this will not be enough to obtain full Poincaré Duality for higher dimensions. 
This is an immediate consequence of Lemma 3.1 and van Kampen. If X consists of multiple connected components, we use Lemma 3.1 repeatedly to cut them out one at a time without changing the orbifold fundamental group of the remaining portion.
Take the definitions of X and N as above. Let U = O \ N . We define a map from π orb 1 (O) → H n−1 (|O|; Z) as the following composition:
The maps come from the following results in order:
(1) Corollary 3.2 (2) Classical orbifold result (3) Hurewicz (4) Poincaré Duality for manifolds with boundary (5) Excision (6) Retraction of |N | onto X (7) Long exact sequence for relative cohomology We also have the classical map π
. Together, these maps tell us that π orb 1 (O) bounds the failure of Poincaré Duality for orbifolds in dimension 4 and 5, since it bounds both relevant torsion groups.
In general, the map π 1 (|U|) → π 1 (|O|) is surjective, since N = O \ U retracts onto a subset of codimension ≥ 4. This implies that H 1 (|U|) → H 1 (|O|) is also surjective, so, we get a surjective map H n−1 (|O|; Z) → H 1 (|O|; Z).
However, if we assume that π − → π orb 1 (U) ։ π 1 (|U|) ։ π 1 (|O|) must be a composition of isomorphisms. Therefore, H n−1 (|O|; Z) must be isomorphic to H 1 (|O|; Z). This removes the only obstruction we had to Poincaré Duality in dimensions 4 and 5, and completes the proof. Both families of orbifolds are simply connected, as they are base spaces of orbi-fiber bundles with a simply connected total space and a connected fiber. Furthermore, an adaptation of an argument due to Kobayashi (see [Kob58] and [Kob72] ) to the orbifold case shows that both families have Euler characteristic 3. For weighted projective spaces this result can also be obtained from iterated application of Mayer-Vietoris.
